Abstract. Let C and D be two corings over a ring A and C λ −→ D be a morphism of corings. We investigate the situation when the associated induced ("corestriction of scalars") functor M C −→ M D is a Frobenius functor, and call these morphisms Frobenius extensions of corings. The characterization theorem generalizes notions such as Frobenius corings and is applied to several situations; in particular, provided some (general enough) flatness conditions hold, the notion proves to be dual to that of Frobenius extensions of rings (algebras). Several finiteness theorems are given for each case we consider; these theorems extend existing results from In this paper we aim to introduce and study the concept of Frobenius extensions of Corings, a notion which generalizes all these notions and also recovers some other known instances of Frobenius functors, as for example, the finite coproduct functor for a category of modules (or more generally, of comodules over a coring). Given two A-corings C and D and a morphism of corings λ : C −→ D, we can associate a "forgetful functor" (called corestriction functor) U from M C to M D , which associates to each C-comodule (M, ρ M ) the D-comodule (M, (M ⊗ λ) • ρ M ),
Introduction
Let A be an algebra over a field K. A is called Frobenius if the right regular A-module A is isomorphic to the K-dual of A, A * . More generally, if ϕ : A −→ B is a morphism of rings, then this is called a Frobenius extension if B is finitely generated projective as left A-module and B ≃ Hom A (B, A). Equivalent characterizations of this concept have lead to the introduction of the concept of Frobenius functor: a functor F : C −→ D between two categories C and D is called Frobenius if and only if it has both left and right adjoints and its left adjoint is naturally isomorphic to its right adjoint. This concept was first introduced by Morita in [Mo] , and is inspired by an equivalent characterization of Frobenius extensions of rings: an extension A ϕ −→ B is Frobenius if and only if the associated forgetful functor from M B to M A is Frobenius in the above specified sense. It turns out that this concept is left right symmetric. Further notions have been introduced and studied in connection to the notion of Frobenius functor. If C is a coring over a ring A, with counit ε C : C −→ A, then there is an associated induced (forgetful) functor U going from the category M C of right comodules over C to M A associating to each comodule M the underlying A-module M . C is called a Frobenius coring provided that U is a Frobenius functor. Given an extension of rings ϕ : A −→ B, a certain B-coring structure can be introduced on B ⊗ A B called canonical Sweedler coring structure which connects the notion of Frobenius extension of rings to that of Frobenius corings, i.e. given certain flatness conditions hold, A where the identity 1 M of a module M will be often denoted simply by M . The extension C λ −→ D will be called Frobenius if U is a Frobenius functor. When certain flatness conditions hold, U has a right adjoint F constructed by using the cotensor product: F = − D C. The flatness conditions required will prove not to be very restrictive allowing us to apply the considerations to several situations, and therefore look for equivalent conditions for F to be also a left adjoint for U . The characterization formula we obtain will prove to be a close dualization of the one characterizing the case of Frobenius extensions of rings, and in particular for the case of extensions of coalgebras we obtain a theorem which is dual to the one characterizing Frobenius extensions of algebras. It is notable that in the case of Frobenius extensions of rings as well as for Frobenius corings certain finiteness theorems hold: if the functor U associated to an extension of rings A ϕ −→ B (or to an A-coring C) is Frobenius then B is finitely generated projective as left (and as right) A-module (or C is finitely generated projective as left and as right A-module). We aim to prove several such finiteness theorems. For each situation of Frobenius extension of corings we consider we give a finiteness theorem. One application is for the coproduct of comodules indexed by a set I functor; it is known from [I1] that the coproduct is a Frobenius functor (equivalently, the product of comodules exist and is isomorphic to the coproduct) if and only if the index set I is finite; this finiteness property will follow also as an application of the characterization of Frobenius extensions of corings Theorem. Another application is with Frobenius extensions of coalgebras. We prove that if C λ −→ D is a Frobenius extension of coalgebras over a field then dim(C) ≤ dim(D) or they are both finite. Finally, we give some connections between Frobenius extensions of coalgebras C λ −→ D and the Frobenius property of the dual extension of algebras D * λ * −→ C * , showing that these are equivalent whenever C or D is finite dimensional.
Extensions of Corings and associated functors
Let A be a ring and C and D be two A-corings. Denote by ∆ C , ε C and ∆ D , ε D the comultiplication and respectively counit of C and D respectively. Our convention is to write ⊗ every time we write a tensor product over A of A-modules. For c ∈ C we use the Sweedler notation ∆ C (c) = c 1 ⊗ c 2 ∈ C ⊗ C with the omitted summation symbol. Also, if M is a right (or left) C comodule with comultiplication ρ : M → M ⊗ C (or ρ : M → C ⊗ M ) we write ρ(m) = m 0 ⊗ m 1 (or m −1 ⊗ m 0 ). For basic facts on corings and their comodules the reader is referred to [BW] .
Then there is an associated functor U : M C → M D , called the corestriction functor and defined by U (M ) = M with the right D-comodule structure given by m → m 0 ⊗ λ(m 1 ). In particular, C has a D-bicomodule structure. Recall that for a right C-comodule M and a left C-comodule N the cotensor product of M and N over C, M C N is defined as follows:
Then M C N is defined as the abelian group arising as the kernel of ω M,N , that is we have an exact sequence
with C on the right hand side we obtain the exact sequence
More generally, we say that the coring morphism λ is (right) pure if for every right C-comodule N the morphism ω N,C is C-pure in M A (see [BW] , Section 24, 24.8). In this case, the above isomorphism always holds. Then we can define a functor F from M D , the category of all right D-comodules to M C by writing [BW] , Section 22 (22.10) and Section 24 (24.11) we have that if A C is flat or more generally, if λ is a pure morphism of corings, then F is right adjoint to U . Therefore, in this case the functor U is Frobenius if and only if F is also a left adjoint to U , because any two left (or right) adjoints of a functor are naturally equivalent (Kan, [Kn] ). In order even have a functor F : M D −→ M C , we will always assume that either λ is a pure morphism of corings or A C is flat or, more generally, the canonical morphism [BW] 21.4). Otherwise, F makes sense only when considered with values in M A and the problem is not well posed. For convenience, we introduce the ( * ) condition: we say that the ( * ) condition is fulfilled if the canonical morphism (
Recall (for example from [CMZ] or [McL] ) that F is a left adjoint to U (so we have an adjointnes of functors (F, U )) if and only if there are natural transformations η :
or, as U (M ) = M for all M ∈ M C and U (f ) = f for any morphism of right C-comodules f , equation (2) rewrites to
It is then natural to try to compute the (sets of) natural transformations Nat(I M D , U F ) and Nat(F U, I M C ). 
with the following two inverse to each other applications:
Then it is easy to see that f n is a morphism of right D-comodules, where the right D-comodule structure on N ⊗ D is given by
We have that ρ N is a morphism of right D-comodules. By the naturality of η, we have the following commutative diagram:
and therefore we get
As ι is a morphism of right C-comodules, it is also a morphism of right D-comodules, and
and this is exactly the fact that α is a morphism of left D-comodules. Therefore α ∈ D Hom D (D, C). Conversely, start with such an α. Then relation (6) holds and consequently for N ∈ M D and n ∈ N , we have n 00 ⊗ n 01 ⊗ α(n 1 ) = n 0 ⊗ n 1 ⊗ α(n 2 ) = n 0 ⊗ λ(α(n 1 ) 1 ) ⊗ α(n 1 ) 2 (by applying the coassociativity of the comultiplication and (6) for n 1 , the second position of ρ N (n) = n 0 ⊗ n 1 ∈ N ⊗ D). This shows that actually n 0 ⊗ α(n 1 ) ∈ Ker (ω N,C ) and therefore it makes sense to define η N :
comes from the right C comodule structure via λ : C −→ D)
This shows that η N is a morphism of right D-comodules. Now note that η is a natural transformation: indeed if f : N −→ N ′ is a morphism of right D-comodules we need to show that the following diagram is commutative:
Now note that for η ∈ Nat(I M D , U F ) we have η N (n) = n 0 ⊗ α(n 1 ) and therefore η = η(α) with the notations in the statement of the proposition. Thus
Now equations (7) and (8) show that the applications in the statement of the proposition are inverse to each other, and the proof is finished.
For each natural transformation ǫ ∈ Nat(F U, I M C ) we can associate β ∈ Hom C (C D C, C) by putting β = ǫ C . Under certain conditions this also becomes a morphism of left C-comodules. In fact, for C D C to have a left C-comodule structure we need an isomorphism of A-(bi)modules
Therefore in the next Proposition we will assume that ω = ω C,C is pure in A M. This is not a very restrictive condition as it will be seen that it holds many situations including in all the cases of our applications. Moreover, this condition is automatically fulfilled when the functors (F, U ) form a Frobenius pair. If this does not hold, it will be seen from the proof of the following proposition that it is difficult to describe these natural transformations.
Proposition 1.2. With the above notations, if
, where the applications giving the equivalence are given by
Proof. Let M be a right C-comodule and ǫ ∈ Nat(F U,
We convey to identify each element from M ⊗ (C D C) with its image via ψ M , for convenience. Then by the naturality of ǫ we have a commutative diagram
where for each i, g m i : C −→ M ⊗ C is the right C-comodule morphism defined by g m i (c) = m i ⊗ c. By the commutativity of the lower part of the diagram, for each i we get
By the upper part of the diagram we have
Combining (9) and (10) and keeping in mind the identification between M ⊗ (C D C) and
and therefore by applying ε C on the second position we get
. We have that β = ǫ C is a morphism of right C-comodules. Now writing equation (11) for
and this shows that β is a morphism in C M (we have already seen that C D C has a left C-comodule structure because ω C,C is pure in A M).
Also, note that ǫ is a natural transformation, that is, for a morphism of right C-comodules (12) we see that ǫ = ǫ(β) for β = ǫ C and therefore
and therefore
Equations (13) and (14) show that the applications given in the statement of the Proposition are inverse to each other and the proof is finished. 
−→ D is a right Frobenius extension of corings (or λ is Frobenius) if the functor
In the case the categories M C and M D are abelian categories, then if (F, U ) form an adjoint pair (i.e. F is a left adjoint for U ) then F is right exact. We can see that this is also true for more general categories, in particular for the case we are interested in. Recall from [BW] that the category of right C-comodules M C has cokernels and the image of every morphism of right
is exact provided that v is an epimorphism, v has Kernel and Im(u) = Ker (v). A certain right exactness of F that we need can be proved here without the assumption that M C and M D are abelian, which in turn is used to prove that the condition ω C,C is pure in A M holds when C Proof. By [BW] , Section 21 (21.4, Tensor-cotensor relations) we see that ω C,C is pure in A M if and only if the canonical morphism 
where the bottom row is exact by the right exactness of the tensor product and the first two vertical arrows are isomorphisms because the tensor and cotensor product commute with coproducts. Then in order to finish the proof, by the above diagram it is enough to prove that the top row is exact as a sequence of A-modules, that is, the sequence
We prove that the bottom row of this last diagram is commutative for every W ∈ M C , and this will imply that the top row is exact too. By [BW] , Section 3 (3.3) we have that for any two right D-comodules N and N ′ there is an exact sequence of abelian groups
Therefore, as in [BW] , 3.19, we have a commutative diagram yielded by the exactness of the sequence of A modules Z −→ Y −→ X −→ 0 which is easy to see that it is exact also as a sequence of right D-comodules (because it is exact in M A ; note that we do not need to have that A D is flat so that the category A M to be abelian).
The two bottom rows are exact by the properties of the Hom A (−, −) functor and the vertical columns are exact by the previous observation ( [BW] , 3.3). Then it follows that the top row of this last diagram exact (in A M), that is, the bottom row of (D1) is exact and therefore the first row in diagram (D1) is exact too. Now denote
which has a natural C-comodule structure as Im(u) is a subcomodule of F (X)!) and π : F (X) −→ F (X)/Im(u) the canonical projection. As the first row in diagram (D1) is exact, we see that
The converse inclusion is obvious as u • v = 0 (it follows from the functoriality of F and the exactness of the sequence Z −→ Y −→ X −→ 0). With this, we get that the sequence
is exact (in A M) and the proof is finished as shown before. 
for all c ∈ C.
Proof. Assume C λ −→ D is a Frobenius extension. Then by Proposition 1.4 we have that ω C,C is pure in A M. As (F, U ) is a Frobenius pair of adjoint functors, we have that F is also a left adjoint to U . Let η : I M D −→ U F and ǫ : F U −→ I M C be the unit and counit of this adjunction, thus satisfying the equations (1) and (2). Then note that Propositions 1.1 and 1.2 apply, and then we obtain α ∈ D Hom D (D, C) and
By the naturality of ǫ we have
where ι : D D C ∼ −→ C is the isomorphism from Proposition 1.1. Then for c ∈ C we have:
and therefore (15) is proved. Conversely, assume there are α and β such that (15) holds and also that ω C,C is pure in A M. Then again by Propositions 1.1 and 1.2 we can find the natural transformations η : I M D −→ U F and ǫ : F U −→ I M C such that conditions (16) and (17) are fulfilled. Then, with notations as above and n ⊗ c ∈ N D C we have
It is not difficult to see that the compositions of functions involved above make sense and therefore these computations yield (1). Also for M ∈ M C and m ∈ M we have
and then (2) holds. Equations (1) and (2) show that F is also a left adjoint to U which amounts to the fact that F is a right adjoint to U , showing that C λ −→ D is a Frobenius extension. 
and equation (19) 
Examples
We consider here several situations where the above considerations apply. We also give some finiteness theorems for the cases we study. 
and counit ε C given by the formula (I) and as
it is enough to show that ω N,D is C-pure. But C = D (I) as left A-modules, so it is enough to prove that ω N,D is D-pure (because the tensor products commute with direct sums). It is easy to see that the sequence 
Moreover, the forgetful functor M C −→ M A associating to each right C-comodule M the underlying A-module M is coincides with the corestriction functor associated to the morphism λ = ε C .
The following Proposition follows from [BW] , Theorem 27.8. However we can obtain this from our generalization on Frobenius extensions of corings. (e, π) , e ∈ C A = {x ∈ C | ax = xa, ∀ a ∈ A} and π ∈ C Hom C (C ⊗ A C, C) such that
−→ A from Example 2.3 is (right or left) Frobenius if and only if there is a Frobenius system
Proof. It is not difficult to see that we have an exact sequence
by the canonical A-comodule structure of C. Therefore ω C,C is always pure. Also for a right A-comodule (i.e. a right A-module) we can easily again see that ω N,A = 0, and therefore the ( * )-condition holds. Now if C ε C −→ A is Frobenius, by Theorem 1.5 we get α : A −→ C an A-bimodule morphism and β ∈ C Hom C (C ⊗ C, C) such that equation (15) holds. Put π = β and e = α(1); then ae = aα(1) = α(a) = α(1)a = ea and α(a) = aα(1) = ae = ea. We get π(e ⊗ c) = π(e ⊗ ε C (c 1 )c 2 ) = π(eε C (c 1 ) ⊗ A c 2 ) = β(α(ε C (c 1 )) ⊗ c 2 ) = c by (15) and similarly π(c ⊗ e) = e. Conversely if these conditions hold, define α = (a → ae) and β = π; then α ∈ A Hom A (A, C) and by the same computation as above we get that equation (15) holds. Therefore by Theorem 1.5 the extension C ε C −→ A is a Frobenius extension.
Following [BW] , if an A-coring C satisfies the condition in the above proposition, C is said to be a Frobenius coring. By the above Proposition we see that this is a left-right symmetric concept. Let ϕ : A −→ B be a morphism of rings. Recall that A ϕ −→ B is a Frobenius extension if B is a finitely generated projective left (equivalently right) A-module and B ≃ Hom A (B, A). This is equivalent to the fact that the induced forgetful functor B M −→ A M is Frobenius, or equivalently, there are E : B −→ A an A-bimodule morphism and an element h =
(we refer the reader to [K] for these equivalent conditions). In this case the element h is Binvariant, that is, bh = hb, ∀ b ∈ B. Then it is easy to see that the existence of h is equivalent to the existence of u ∈ B Hom B (B, B ⊗ B), where u(b) = hb (and conversely, h = u(1)). This comes from the isomorphism B Hom B (B, B ⊗ A B) ≃ {h ∈ B ⊗ A B | bh = hb, ∀ b ∈ B}, u → u(1) (see [BW] , section 27, and [CMZ] ). Therefore we can equivalently restate this as In the case some restrictions are imposed on the base ring A, the restrictive conditions ( * ) and "ω C,C is pure in A M" can be eliminated. In particular, for extensions of coalgebras a theorem dual to the theorem characterizing Frobenius extensions of algebras (or rings, Proposition 2.5) can be obtained. 
Theorem 2.8. Let A be a von Neumann regular ring (VNR). Then an extension of A-corings C λ −→ D is (left or right) Frobenius if and only if there are
for all c ∈ C, equivalently,
In particular this holds for extensions of coalgebras over fields.
Proof. If the base ring is VNR then all left and right modules are flat, and therefore the above mentioned conditions can be deleted from Theorem 1.5. Therefore, by the symmetry of the equation (15) the theorem becomes left-right symmetric too.
Remark 2.9. Theorem 2.8 gives a characterization of Frobenius extension of corings over VNRrings (in particular of coalgebras over fields) which is completely dual to the characterization of Frobenius extensions of rings (and in particular of algebras over fields).
Finiteness Theorems
The following proposition investigates when the coproduct of comodules on the category of D-comodules indexed by a set I, U = i∈I , is a Frobenius functor. As the coproduct functor is a left adjoint to the diagonal functor δ : M D −→ (M D ) I , this is equivalent to the fact that U = is also a right adjoint to δ, that is, it is also the product (of families indexed by I) in the category M D , and the product and coproduct are isomorphic. Proof. The statement follows from a result from [I1] , namely Theorem 1.4, which shows that for a preadditive (and even for a more general type of) category if the coproduct (or product, or equivalently the diagonal functor) indexed by a set I is a Frobenius functor then I is finite (provided such a coproduct exists). However we can also see this from the results in the present paper. If I is finite then it is easy to see that U is also the product of comodules, with the projections being the canonical projections of the product of modules. To prove the converse, we first note that the ( * ) condition holds by Proposition 2.2. Then we can find α and β as in Theorem 1.5. With the notations of Example 2.1, let α i = p i • α; then α i is a morphism in D M D because p i is too. First note that because β is a morphism in M C , for d ∈ D and i, j ∈ I we have
and similarly, as β is a morphism in C M we get β(
This last equality obviously shows that for all i ∈ I, α i is injective. But then for d ∈ D, d = 0, we have α i (d) = 0, ∀ i ∈ I and therefore I must be finite because the family (
is of finite support.
For the coring extension of Example 2.3, by [BW] , 27.9 we have
Proposition 3.2. If C is a Frobenius coring (that is, the extension of corings from example 2.3 is Frobenius) then C is finitely generated projective as left and right A-module.
For extensions of coalgebras we can prove several interesting results parallel to existing ones for the extensions of algebras, namely several finiteness properties. We first prove a general finiteness theorem for Frobenius extensions of coalgebras. In what follows the ring A is a field K and the tensor product is always considered over K unless otherwise specified. Proof. Take α and β as in Theorem 2.8. Then for c ∈ C we have β(αλ(c 1 ) ⊗ c 2 ) = c.
We show that C is generated by the α(d k ) 1 's, i.e. by the family of elements (u kl ) k,l ; as for each k ∈ Λ there are only a finite number of elements u kl , the conclusion will follow. Denote by C ′ =< (u kl ) k,l > the subspace of C spanned by the family (u kl ) k,l . Take c ∈ C and write ∆ C (c) =
Note that we have an isomorphism
By a standard linear algebra argument, we can take (T s ) s to be linearly independent (just take an expression of s x s ⊗ T s with a minimal number of tensor monomials of the type x ⊗ T , x ∈ C,
= β(αλ(c 1 ) ⊗ c 2 ) (by the counit property) = c (by (15)) so we get
and therefore by (24) we find that c = 
Proof. We have that E is a subcoalgebra of D. Write λ = j • i with i : C −→ E being the corestriction of λ and j : E ⊆ D the canonical inclusion. Note that we have a commutative diagram
Similarly, as there is a morphism j * : D * −→ E * , we have an epimorphism ϕ 1 :
But as for e * ∈ E * and g * , h * ∈ C * , there is d * ∈ D * with j * (d * ) = e * , we have
This shows that the application ϕ 2 :
well defined and it is obviously an inverse for ϕ 1 .
Proof. We have an isomorphism of vector spaces ϕ : C * ⊗ C * ∼ −→ (C ⊗ C) * given by ϕ(g * ⊗ h * ) = (g ⊗ h → g * (g)h * (h)). First note that by the previous proposition, replacing D with λ(C) we may assume that D is finite dimensional too (the C * -module structure is also preserved). Let η : C D C −→ C ⊗C be the inclusion morphism and p :
is the convolution product of C * ). Also note that π is surjective as π • p = η * • ϕ and η * is surjective. As we have epimorphisms
we get monomorphisms and a commutative diagram
Here, for a vector space V we use the identification between V and V * * given by the isomorphism
We prove that π * is surjective and this will show that π is also injective. Pick Λ ∈ (C * ⊗ D * C * ) * . Then p * (Λ) = Λ • p ∈ (C * ⊗ C * ) * ≃ C ⊗ C so by the identification we made we can find c ⊗ e ∈ C ⊗ C such that
showing that
. This shows that π is a morphism of left (and similarly of right) C * -modules. 
I} is a subcoalgebra of D which has finite codimension as I is finite dimensional. We also have that I is closed in the finite topology on D * (for example, by [DNR] , Corollary 1.2.12), so
be the canonical projection, i : I ֒→ D * the inclusion morphism and v : C * −→ I the corestriction of u. There is an isomorphism θ : (D/E) * −→ I = E ⊥ taking h ∈ (D/E) * to θ(h) = h • p ∈ I, and then we have a commutative diagram
But C and D/E are finite dimensional vector spaces and therefore there is q :
Now the following sequence of equivalences shows that α is a D-bicomodule morphism if and only if α * is a D * -bimodule morphism, and thus Φ is well defined (denote by * the convolution product of C * ): Proof. (i)⇒(ii) By Theorem 2.8 we can find α, β such that (15) and (22) hold. Put E = α * ∈ D * Hom D * (C * , D * ) by Proposition 3.7. As β : C D C −→ C is a morphism of C-bicomodules, we can easily see that β * : C * −→ (C D C) * is a morphism of C * -bimodules, because the category of finite dimensional C-bicomodules is in duality with the category of C * -bimodules. Then by Lemma 3.5 we may view β * as a morphism of C * -bimodules u = β * : C * −→ C * ⊗ D * C * ≃ (C D C) * . Now by dualizing equation (22) we can easily see that we obtain (21), where µ = ∆ * and 1 C * = ε C are the multiplication and unit of C * and ϕ = λ * , showing that D * λ * −→ C * is a Frobenius extension. (ii)⇒(i) By Proposition 2.5 we find E ∈ D * Hom D * (C * , D * ) and u ∈ C * Hom C * (C * , C * ⊗ D * C * ) such that (21) (I) for a set I. But as C is finite dimensional, we may obviously assume that the set I is finite. Thus we get C ֒→ D n as right (or left) D-comodules for some n ∈ N, and in fact C is a direct summand of D n as it is injective. Also as D * λ * −→ C * is a Frobenius extension of rings we get that C * is finitely generated and projective as right (and also as left) D * -module (or as C splits off in some D n ). (ii)⇒(i) If D * λ * −→ C * is Frobenius then C * must be finitely generated (and projective) as right (and also as left) D * -module and as D * is finite dimensional, we get that C is finite dimensional too. Then as in (i)⇒(ii) we obtain that the induced functor U is Frobenius and therefore C λ −→ D is a Frobenius extension. The last statement follows easily as in the proof of Proposition 3.8.
Remark 3.10. It can be seen that in a wide range of situations whenever a functor is Frobenius, a certain finiteness theorem holds. Then it is natural to ask whether a general theorem can be proved; that is, given a Frobenius pair (F, G) between two abelian categories (or Grothendieck, or with other additional properties) is there a finiteness property that holds for this general context and which generalizes all these theorems regarding Frobenius extensions of (co)rings?
